Let a be an ideal of Noetherian ring R and let M be an R-module such that Ext i R (R/a, M ) is finite R-module for every i. If s is the first integer such that the local cohomology module H s a (M ) is non a-cofinite, then we show that Hom R (R/a, H s a (M )) is finite. Specially, the set of associated primes of H s a (M ) is finite. Next assume (R, m) is a local Noetherian ring and M is a finite module. We study the last integer n such that the local cohomology module H n a (M ) is not m-cofinite and show that n just depends on the support of M .
Introduction
Let R be a Noetherian ring, a an ideal, and M an R-module. An important problem in commutative algebra is determining when the set of associated primes of the ith local cohomology module H i a (M ) of M is finite. If R is a regular local ring containing a field then H i a (R) has only finitely many associated primes for all i ≥ 0, cf. [HS] (in the case of positive characteristic) and [L] (in characteristic zero). In [S] Singh has given an example of a Noetherian non-local ring R and an ideal a such that H 3 a (R) has infinitely many associated primes. On the other hand, Brodmann and Lashgari [BL; Theorem 2.2] have shown that the first non-finite local cohomology module H i a (M ) of a finite module M with respect to an ideal a has only finitely many associated primes (see also [KS] ).
An R-module M is said to be a-cofinite if Supp (M ) ⊆ V(a) and Ext i R (R/a, M ) is finite for all i ≥ 0. Cofiniteness of modules and local cohomology modules have been studied by many authors, c.f. [DeM] , [Ha2] , [M1] , [M2] , and [M3] . In section 2, the main aim is to give a generalization of Brodmann and Lashgari's result by showing that the R-module (1) When is a local cohomology module supported at the maximal ideal?
(2) When is the socle of a local cohomology module finite?
The following conjecture, due to Huneke [Hu] , is related to the question (2).
Conjecture. Let (R, m) be a regular local ring and let a be an ideal of R. Then the R-module Hom (R/m, H n a (R)) is finite for all n ≥ 0. In [HS] , it is shown that the conjecture is true for regular local rings in characteristic p > 0. Also, Hartshorne gave an example that the conjecture is not true for modules in place of the ring, cf. [Ha2] .
For a finite R-module M we define q (a, M ) as the least integer n ≥ −1 such that the modules Theorem 2.1 Let a be an ideal of a noetherian ring R. Let s be a non-negative integer. Let
Proof. We use induction on s.
) is equal to the finite R-module Hom R (R/a, M ). Now the assertion holds.
Suppose that s > 0 and the case s − 1 is settled. Since Γ a (M ) is a-cofinite we have
is finite for all i. Now by using the exact sequence 0
Thus we may assume that Γ a (M ) = 0. Let E be an injective hull of M and put N = E/M . Then Γ a (E) = 0 and In proving finiteness of Hom R (R/a, H 1 a (M )), we can even give the following result with weaker condition.
Proof. By using the exact sequence 0
On the other hand the exact sequence 0
Since the left side is zero and the right side is finite we get the result.
The next result has been shown, using a spectral sequence argument, by Divaani-Aazar and Mafi in [DiM] . 
Cofiniteness
Let (R, m) be a local noetherian ring. Let a be an ideal of R. An R-module M is m-cofinite if and only if Supp (M ) ⊆ V(m) and Hom R (R/m, M ) is a finite-dimensional vector space. As m-cofinite modules form an abelian category, stable under taking submodules, quotient modules and extensions, for an exact sequence T 1 → T → T 2 of R-modules, T is m-cofinite provided T 1 and T 2 are both m-cofinite.
Definition 3.1 Let M be a finite R-module and a be an ideal of R. We define q (a, M ) as the supremum of the integers i such that the module H i a (M ) is not m-cofinite.
As mentioned in the introduction q (a, M ) < dim (M ). In the following theorem it is shown that the invariant q (a, M ) depends only on support of M .
Theorem 3.2 Let a be a proper ideal of R and let M and N be finite R-modules such that
Proof. It is enough to show that H i a (N ) is m-cofinite for all i > q (a, M ). We prove it by descending induction on i with q (a, M ) < i ≤ dim (M ) + 1. For i = dim M + 1 there is nothing to prove. Now suppose q (a, M ) < i ≤ dim M . By Gruson's theorem [V] , there is a chain
such that the factors N j /N j−1 are homomorphic images of a direct sum of finitely many copies of M . By using short exact sequences the situation can be reduced to the case t = 1. Therefore for some positive integer n and some finite R-module L there exists an exact sequence
Thus we have the following long exact sequence
By the induction hypothesis H
The next Corollary gives a formula for q (a, −) in an exact sequence.
Proof. "≥" holds by Theorem 3.2, and the other side follows from the fact that m-cofinite modules form an abelian category and from the long exact sequence in the proof of Theorem 3.2.
Corollary 3.4 For an ideal a of R the following holds q (a, R) = sup{q (a, N )|N is a finite R-module}.
In the following theorem, we obtain that, for any finite R-module, q (a, M ) = q (a, R/p) for some p ∈ Supp (M ).
Theorem 3.5 Let M be a finite R-module. Then the following holds
Proof. By Theorem 3.4 we have q (a, R/p) ≤ q (a, M ) for all p ∈ Supp M . Now assume that the inequality is strict for all p ∈ Supp (M ). There is a prime filtration 0
Remark 3.6 In results 3.2-3.5 the underline ring is assumed to be noetherian local. Now assume that R is a noetherian (not necessarily local) ring of finite dimension, a is an ideal of R, and M is a finite R-module. For each p ∈ Supp M , one can consider the invariant q (aR p , M p ) and define
It is routine to check that all results 3.2-3.5 remain valid. (1) R is complete local ring and b is a one dimensional prime ideal, cf. [DeM;
Theorem 2].
(2) R is notherian ring of dimension at most two, cf. [M2; Theorem 7.4] . Therefore, with the same proof, we can see that the results 3.2-3.5 are valid for q (a, b, M ) instead of q (a, M ) provided (1) or (2) holds. Now we are ready to give the main result of this section.
Theorem 3.8 Let a be an ideal of R and i ≥ 0 be a given integer such that H i a (R/b) is m-cofinite for all ideals b of R. Then q (a, R/p) < i for all p ∈ Spec R. In particular, q (a, M ) < i for all finite R-module M .
Proof. We prove by induction on j ≥ i + 1 that H j a (R/p) is m-cofinite, for all p ∈ Spec R. It is enough to prove the case j = i + 1. Suppose that H i+1 a (R/p) is not m-cofinite for some p ∈ Spec R, so that a p. We first show that Supp (H i+1 a (R/p)) ⊆ V(m). On the contrary, assume x ∈ H i+1 a (R/p) be a non-zero element whose support is not in V(m). Since x is annihilated by some power of a, there exists b ∈ a \ p such that bx = 0. Now consider the exact sequence
which induces the following exact sequence Remark 3.9 Let R be a semi local ring with the maximal ideals m 1 , m 2 , · · · , m n . Let J = ∩m i .
Then it is easy to check that the category of J-cofinite modules is an abelian subcategory of the category of R-modules and the results 3.2-3.6 are valid for q (a, J, M ) instead of q (a, M ).
